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Welcome to Phaser

Thank you for considering Phaser as an addition to your Desktop.

Phaser provides a powerful, yet inviting, computing environment specifically crafted for the graphical and
numerical simulations of differential and difference equations, from linear to chaotic.

Phaser has been designed to meet the needs of awide variety of users whether they be general chaos
enthusiasts, students, instructors, or researchers. Written in pure Java, Phaser can be used on multiple
platforms, or to share projects freely across platforms.

Chaos enthusiasts will appreciate Phaser's unprecedented ease of use, with graphics purposely set up to
enhance the pleasures of learning about chaos and fractals. They will enjoy lively demonstrations revealing
the dynamics of landmark equations.

Students will exploit Phaser's potential to manipulate standard textbook examples and exercises in order to
achieve a better understanding of differential equations and their applications. They will find Phaser's step-by-
step tutorials particularly useful. Instructors of undergraduate and graduate classes will be pleased to learn
that Phaser provides powerful media specifically designed for effective classroom or laboratory

presentations. The Phaser Project environment and the Gallery can be used to store, retrieve and animate a
variety of demonstration elements. Instructors will also appreciate that Phaser includes a comprehensive,
expandable, library of equations and a reference guide to computational dynamical systems.

Researchersin fields as diverse as biology, chemistry, economics, engineering, mathematics, and physics
will find Phaser an invaluable tool in their quest to visualize quantitative models quickly and accurately. An
equation editor allows new equations to be entered without programming. State-of-the-art numerical
algorithms provide research-grade results with completely configurable error controls. Phaser's fingertip
controls allow for rapid exploration of global dynamics and bifurcations, as well as for the sharing of
research findings across the Internet.

In the succeeding pages you will find a brief overview of Phaser and some guidance to help you quickly
experience Phaser's user-friendly computing environment. Afterwords, with the assistance of the Tutorials,
you are invited to explore some of the more prominent capabilities of Phaser.




Customer Support =——————————

Phaser support team provides several forms of technical assistance:

« Visit our main Web site www.phaser.com and consult FAQs (Frequently Asked Questions) and
troubleshooting information that provides answers to common problems.

. Read tips from the menu item Help -> Tips.

. Consult PhaserHelp from the menu item Help -> Help Contents. In PhaserHelp, browse Index or
Search for key words.

. E-mail your Phaser questions to support@phaser.com. In your correspondence, please provide
system information which can be gathered from the menu item Help -> System Information.

. Register at www.phaser.com to receive occasiona Phaser news.



http://www.phaser.com/index.html
mailto:support@phaser.com
http://www.phaser.com/index.html

License Agreement

A copy of Phaser purchased either on a CD or downloaded from our Web site www.phaser.com is for

personal use on asingle computer. To install Phaser on your computer, you are required to agree to the terms
and conditions of the Phaser License Agreement.

Site License

If Phaser will be used on multiple computers or by multiple users, a site license must be obtained. To
accomodate varying needs, severa levels of site licencing are available. Please visit our Web site www.

phaser.com for futher details of site licensing Phaser, and the terms and conditions of the Phaser Ste License

Agreement. If you require further information or terms customized for your needs, please contact us at
info@phaser.com.

Sun Microsystems Binary Code Agreement

As part of the Phaser installation setup, a copy of Java Runtime Environment (JRE) may be installed on your
compulter, if an appropriate JRE is not already present. In this case, you must also agree to read and abide by
the terms and conditions of the Binary Code License Agreement for the JAVA SE RUNTIME
ENVIRONMENT (JRE) VERSON 6 of Sun Microsystems, Inc.; see, for example, http://java.sun.com/

javase/6/jre-6ul-license.txt.

Additional information on Sun Microsystems Licensing and Terms of Use details can be found at http://www.
sun.com/termsofuse.html/
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Startup

Main: In this section we describe the startup screen layout of Phaser and establish a common terminology for
its graphical user interface. When the loading of Phaser is completed, you should see the PHASER Main
Application window as displayed below.
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Main Application Window: PHASER

The Main Application window consists of several panels with the following components and functions:

Title Bar
Thisisthetop bar containing the title PHASER of the main application window.



Menu Bar
Below thetitle bar is the menu bar containing pull-down menusFi | e, Edi t, Vi ew, Equat i on,
Phaser, and Hel p.

Button Bar
Thisisthe row of buttonslabeled <<, >>, Go, O ear, Suspend, St op, Nurreri cs.

Banner
Thisisthe area which contains the current equation name, Pendul um CODE, and the current view
name, Phase Portrait. Asthecurrent equation or the current view is changed the banner is
updated. The colorful Phaser icon button in the center is used to access the Phaser Gal | ery.

View
Thisisthe large, black graphical display area containing axes and grids. The current view is
Phase Portrait;theview can be changed from the Vi ew pull-down menu on the menu bar, or
they can be cycled with the << and >> buttons on the Button Bar.

Tool Bar
Thisisthe panel immediately below the Phase Portrait view and it serves adual purpose. The left
portion is for status of mouse cursor location in the graphical view. The central choice button | Cis
amouse action selector for using the mouse to set Initial Conditions, Zoom, Pan, 3-D rotations, or
Flow. Theright portion of the Tool Bar is dedicated for configuring the current mouse function.

Progress Bar
Thisisthelast pandl of the Main Application window which displays a progress bar and a
percentage meter to monitor the status of the computations after the Go button is clicked.
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Co-primary Window: PHASER: Numerics Editor

Numerics Editor: Now, if you pressthe Nuner i ¢s button on the Button Bar of the main application
window, a new co-primary window titled PHASER: Numerics Editor is spawned. This co-primary window is
the "bridge" or command center of Phaser. The Numerics Editor window has the following panels:

Title Bar

Thisisthetop bar containing the title PHASER: Numerics Editor of the co-primary window. Y ou
can click on it to bring the window to the foreground if it is partially hidden.

Menu Bar
Thisisthe bar containing the pull-down menusFi | e, Edi t, Vi ew, and Hel p.

Button Bar
Thisbar containsthe buttonsCurrent View, I nitial Conditions, Paraneters,

Ti me, and Al gori t hims. Each one of these buttons brings up a sub-editor which is displayed in
the large center panel.



Banner
It displays the name of the selected button from the button bar. Inthe case Cur r ent Vi ewis
selected, it displays the name of the current view (e.g. Phase Portrait).

Center Panel
The large panel in the center of the Numerics Editor window contains the appropriate sub-editor
requested by one of the buttons on the button bar. Most of these sub-editors contain two main
components. The first component on the | eft is a tree whose nodes contain various choices grouped
together in a cohesive manner. The choices for each node are listed in the right portion of the central
panel.

Satus Field
Thisisthe elongated box in the bottom left corner which contains the word “"Ready." Thisfield

provides feedback on the actions requested.

Action Buttons
These are the four buttons, Consol e, Phaser, Apply, andRevert, inthelower-right
corner.
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Browsing

Phaser is equipped with extensive libraries of equations of historical, scientific, or aesthetic appeal. Each
equation comes with default settings that result in an informative picture. Here is how you can view these
default pictures and get afirst impression of some of the basic capabilities of Phaser.

Pendulum ODE

When Phaser starts, the default equation is Pendulum ODE. To see a partial phase portrait of the classical
planar pendulum without friction, select the menu item

Equation — Load Equation Defaults

4% PHASER
Eile Edit Yew  Eguation | Ehaser Help
MAP Library 3
o= | ODELibrary * ko Clear Mumerics

Custorn Equation Library b
Add Custorm Eguation =52
Modify Custam Equation % \(&g
Rermove Custom Eguation

Phase Portrait

Load Equation Defaults  p

Wiew Current Eguation Test
Wiew Current Eguation Help

H: s Ic hd Set: |1 | w | K -D01356EEEEEET i 3.000000000000

[

Phase portrait of Pendulum ODE

For additional solutions, click the left mouse button at desired points on the black region and press Go.
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PhaserHelp

Y ou can now view the page of PhaserHelp containing the mathematical equations, and thumbnail sketches of
dynamical and physical highlights of the Pendulum ODE: select the menu item

Equation - View Current Equation Help

AED

£ PHASER Help

[»

Mumerics

Pendulum ODE

. X

D Henon-Heiles ODE

[ Hermite 0DE Nonlinear pendulum on the plane rtrait
[ Homoclinic ODE : |
[ Hopf oDE
[ Kepler ODE ;
[7 Legendre ODE £ = Ty
[ Linear 2-D 0DE : g e
[y Linear 3-D ODE : &g = —= gin(wxy) — —mxa
: l Im

[ Linear oscillations ODE
[ Larenz ODE

[ markat Equilibriurn ODE :
[ mathieu ODE || | Parameters: ¢=0.0, g=10, I=10, m—=10
[ mavwell-Bloch ODE :

[ Pendulurm ODE % Planar pendulum is perhaps the most classical example from mechanics

[ Pitchfork ODE -| When there iz no damping, ¢ = 0.0, the rest position at the origin is a stahle

[ Predator-Frey ODE equilibrium of center type; that is, the phase portrait near the origin consists of
*| concentric periodic orbits, much like that of the linear harmonic oscillatar

The vertical position of the pendulum, (pi, 0), iz also an equilibrium, but

-| unstatle of saddle type

[ Restricted 3-Body ODE
[ Rossler ODE
[ saddle-nods ODE

[ silnikov ODE ||| In contrast to the linear harmonic oscillator, the non-linear term in the
[ Silikov2 ODE = || #| pendulum equation gives rise to perindic orbits that do not have constant
[ Transcritical 0DE *| phase. You should run several orbits sirmultaneously, starting near the origin,
[ van cer Pol Il ODE and ohserve that their corresponding periods are different.
[y van der Pal Il ODE
D van det Pal ODE It the presence of damping, ¢ » 0.0, the origin becomes asyrmptotically stable, | |
[ Zero-Imaginary ODE atud the pendulum eventually stops. You should investigate the effects of
lgoritams rass, m, length, }, and the gravitational constant, g, on the motion of the
utorials | pendulum.
eferences i

[+] The phase space of the planar pendulum is usually taken to be R2 From the
I ]| mathernatical and physical points of view, it is sometimes advantageous to

H: T = Set: # -0.01566666666T 1 3000000000000
‘I 100 %

PhaserHelp entry for Pendulum ODE

PhaserHelp comprises an extensive online manual . In addition to mathematical, computational, and
experimental information about each Library Equation, it contains detailed specifications of all Phaser
commands, implemetation details of algorithms, Tutorials, and a collection of Tips for common and
uncommon tasks. PhaserHelp can be launched by selecting the menu item

Help - Help Contents

and the desired information can easily be located using Table of Contents, Index, or searchable text.
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Lorenz ODE

To load the famous L orenz equations from the Phaser ODE Library and compute a pair of hon-periodic
solutions (one in blue and the other in yellow) in 3-D, select the menu items:

Equation — ODE Library - Lorenz ODE
Equation — Load Equation Defaults

£ PHASER

File Edit Wiew Equation Fhaser Help

4 e Go Clear Mummetics

Lorenz ODE - ) Phase Portrait

H: 7.855297157623 ¥: 7205082352941 3-0 - 4 4l 13 13 X T 2

Two nonperiodic solutions of the L orenz Equations

The mouse can be configured for several different functionsin Phaser. For instance, in the Pendulum ODE
simulation, it was set to select new initial conditions (1C). In the Equation Defaults of Lorenz ODE, the
mouse is configured to rotate the image in three dimensions. Thisisindicated as 3-D in the mouse slector
widget in the center of the tool bar. Now, grab the image with your mouse and rotate it while holding down
the left mouse button. The radio buttons on the tool bar can be used for more precise animations of the
image.
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Symmetric Icons MAP

Results of Phaser simulations can be saved and shared over the Internet. If you have areasonably fast
connection, you can download and view a gallery of interesting images from our Web site by doing the
following:

Phaser - Gallery and from the spawned window, select
File » Load Gallery URL in the spawned dialog box, type
http://www.phaser .com/pr oj ects/icons.pgf and hit
Fetch
- [B]x]
File Edit “iew Eguation EPhaser Help
‘ «|E ﬂ@ji

Loading...

Fetching a Phaser Gallery over the Internet



14

Now, click on aframe (boundary should turn red) and select Phaserize to see the small image loaded and
computed in the Phaser main view.

File Edit ¥iew Egustion Phaser Help
= A= =p Go Clear Mumerics
File Edit Vi q £ q
—_— Symmetric lcons MAP ] Phase Portrait
Project 01: Sy

H: W c - Set: |1 w | H: 0010000000000 i 0.003000000000

Sanddollar asthe attractor of a2-D MAP

If you are curious which mathematical formula generates such a natural picture, select the menu item

Equation - View Current Equation Help
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—nteracting with Phaser =———————

Here, general guidelines for interacting with Phaser are outlined in rather broad brush strokes. Detailed
implementations of these guidelines are provided in Tutorials.

Selecting Equation: After launching Phaser, the first task is to select an equation from the permanent
libraries, MAP Library or ODE Library, for numerical simulations. If the desired equation isnot in the
libraries, it can easily be entered as a Custom Equation using Phaser's Equation Editor. These options can be
executed from the Equat i on menu located on the menu bar of the Main Application window.

Selecting View: The second task is to choose a graphical view appropriate for the intended study of the
current equation. This can be accomplished from the Vi ew menu on the menu bar of the Main Application
window. Alternatively, one can cycle through the views usingthe << or >> buttons on the button bar of
the Main Application window. Currently, there are five graphical views:

. Phase Portrait Vi ew Two- orthree-dimensional projections of orbits are plotted here. In
three dimensions or higher, orbits can be rotated in real time. Flows, vector fields, and Poincaré
maps can also be displayed.

« Xi vs Tinme View Selected Xi variables vs. Time are plotted here. In dimension one, direction
fields can be superimposed.

. Bifurcation D agram Vi ew. One of the variables versus a parameter can be plotted to
investigate possible bifurcations.

. 1-D Stair Stepper Vi ew Star-step or cobweb diagrams of orbits of one-dimensional maps
can be plotted in this view.

. Xi Val ues Vi ew. Computed numerical values of the Xi variables are tabulated here.

Numerics Editor: The third task isto configure the graphical display options for the current view and to fix
the setting for numerical computations of solutions. These multitude of choices are made from Nuneri cs
Edi t or housed in the co-primary window. Thiswindow can be brought to the foreground by clicking on the
Nuner i ¢s button on the button bar of the Main Application window. Numerics Editor has the following
five important buttons on its button bar:

. Current Vi ew To configurethe current graphical view; e.g. Window size. Each graphical view
has its private set of options.

. Initial Conditions: Tospecify thevaluesand colors of multiple initial conditions whose
solutions are computed simultaneously and processed for the current view. Initial conditions can
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also be entered by clicking the mouse at the desired locations in the current graphical view.
. Par amet er s: To set the values of the parametersin the current equation.
. Ti me: To set the duration of computations of solutions.

. Al gorithns: To select the current algorithm and its control settings to be used in numerical
computations of solutions.

L ocal and Glabal Settings. The configuration set by Cur rent Vi ewislocal inthe sense that it applies
only to the current view and is independent of the configurations of the other views. Consequently, each view
must be configured individually. The remaining itemsset using I ni ti al Condi ti ons, Par anet ers,
Ti me, and Al gori t hrs are global and used in all views. If anew eguation is chosen, some of the global
settings are set to their default values.

Apply: Choices made or the numbers typed into text fields in Numerics Editor do not take effect unless the
Appl y button of the Editor isclicked. APPLY!

M ouse: When the cursor iswithin a graphical view, the mouse can be used for several different actions, such
as setting Initial Conditions (1C), Zoom In/Out, Pan, 3-D Rotations, or Flow. The drop-down choice widget
in the center of the task bar is the mouse action selector.

Save, Restore, and Gallery: Obtaining an informative or pleasing image of adynamical phenomenon can
reguire extensive experimentation involving many settings of the graphical and numerical choices. The entire
state of Phaser necessary to recreate an image can be saved using the Save Current Proj ect entry of
the Fi | e menu of the Main Application Window. Collections of images can be exhibited in the Gallery.

Help: The contents and the index of online Help are searchable. Detailed information about a particular
Phaser function, or technical and scientific information about an equation in the Library can easily be
located.
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The sequence of lessons below are designed to guide the user, step by step, through some of the basic
capabilities of Phaser. In these lessons, it is assumed that Phaser isin the start up configuration, and that
values of al things are set to the defaults. Therefore, before starting each lesson, either Phaser should be
restarted or Preferences should be set to System Defaults.

L esson 1. First Steps: Computing e
A must Lesson for getting started.

Lesson 2. Xi vs. Time

Using the Logistic differential equation (ODE), how to display solutions on the Xi vs Time plane,
drawing direction fields.

L esson 3. Stair-Step Diagrams
Using the Logistic difference equation (MAP), how to display stair-step diagrams.

L esson 4. Bifurcation Diagram of Logistic MAP

How to compute bifurcation diagram of this famous map. Zoom in and out of regions of the
bifurcation diagram.

L esson 5. Phaser Projects
How to save a current state of Phaser, reload it later, or share it over the net.

L esson 6. The Gallery
How to create agallery of liveimages and their animations.

L esson 7. Custom Library: Entering your equations

How to enter or modify your own ODE or MAP into the Custom Library of Phaser. All done with
an easy-to-use Equation Editor.

L esson 8. Flow box
How to follow 5000 solutions, starting from a selected box, simultaneoudly.

L esson 9. Cloning Current Phaser

How to spawn a new Phaser and run two copies simultaneously. An unforgettable example from
chaotic numerics.

L esson 10. Real-Time 3-D Graphics
How to twirl around 3-D orbitsin real time.
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L esson 11. Poincaré Map in 3-D
How to dlice an orbit in 3-D with any plane, and compute the points of intersection on the planein
one or both directions.

L esson 12. Poincaré Map of Forced Duffing ODE

How to compute Poincaré maps of periodically forced second-order oscillators. Periodic and non-
periodic orbits of Forced Duffing are used as examples.

L esson 13. Sequencing Slides
How to generate a sequence of slides. As an example, a sequence of fractal curves with dimensions
from 1to 1.9 inincrements of 0.1 are generated.
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Lesson 1. First Steps: Calculating e

We commence our lessons with Phaser using a simple but delightful example. Let us consider the initial -
value problem

;<=x, x(0)=1

and determine numerically x(1.0), the value of the solution at t = 1.0. The solution of this elementary
problem is the exponential function x(t) = €'. Thus the desired value x(1) is the famous number e. The value
of e can be found with a decent pocket calculator to be

e=2.718281828459045... .

In thislesson, we will numerically integrate the initial-value problem above, to compute the value of e. This
may appear to be pedantic but having this number in our possession will permit us to test the accuracy of our
numerical integrator on thisinitial-value problem.

»>Equation -> ODE Library -> Cubic 1-D ODE:
Thefirst task is to specify the equation we would like to study. To get our differential equation,
click on the Equat i on menu on the menu bar of the Main Application window, and select ODE
Li brary. Fromthelist of ODEs (Ordinary Differential Equations), select Cubi ¢ 1- D CDE.
Notice that the banner is now updated to display the name of the current equation. Cubi ¢ 1-D
ODE isageneral purpose one-dimensional differential equation, but what doesit look like?

»>Equation -> View Current Equation Text:
From Equat i on menu, selecttheVi ew Current Equation Text. A small window
containing the text of Cubi ¢ 1- D ODE should pop. In the text

Xq=a+bxq+cxq2+dxq3
a, b, ¢, and d are changeable parameters and x, is the variable. We will momentarily set the
appropriate parameter valuesto get our differential equation.

»> Nuneri cs:
In preparation for setting the desired parameter values, click on the Nurrer i ¢s button on the button
bar of the Main Application Window. This displays the Numerics co-primary window.

»> Par aneters:
Click onthe Par anet er s button on the button bar of Numerics Editor. The four parameters and
their current default values are now visible. We need to set a=0, b=1, c=0, and d=0 to obtain our
differential equation from Cubi ¢ 1- D ODE. Now, click in the text field containing the value of
b, which currently is-1.0, and change it to 1.0. There are several convenient ways to change text
fields: click after a character you would like to change and use the backspace key, or double click
anywherein the field to highlight the field and type your new characters. We can leave the other
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parameter values asthey are. Noticethe ( nodi fi ed) token on the banner and Status Field of
Numerics Editor signaling the fact that a current setting has been modified.

»> Appl y:
Click on the Appl y action button on the lower-right corner of Numerics Editor for these new
parameter values to take effect. Notice that the ( modi f i ed) token on the banner of Numerics
Editor has disappeared, signaling that the new values of the parameters have been registered. Status
Field in the lower-left corner of Numerics Editor now indicates Ready.

»>|nitial Conditions:
Clickthel ni ti al Condi ti ons button on the button bar of Numerics Editor. Notice that there
isone set of initial conditions activated with the default valuest = 0.0 and x; = 1.0. These values

happen to be what we want; so we will not touch them.

»>Ti me:
Click the Ti me button on the button bar of Numerics Editor. NoticethattheSt art Pl otti ng
timeissetto 0.0,andthe St op Pl otti ngtimeissetto 20.0. Timeisrelative; that is, the
solution from the initia time will be computed and displayed for 20 time units in the forward
direction. Since we want to see the value of the solutionat t = 1.0, weset St op Pl ot ti ngto 1.0,
and APPLY.

»>Main Application Wndow
Click on thetitle bar of the Main Application window to bring the main window to the foreground.
Y ou can aso click on the Phaser action button on the lower right-hand corner of the Numerics
Editor to accomplish the same task.

»>View -> Xi Val ues:
From the Vi ewmenu of the Main Application window select Xi Val ues. Now the current view
issetto Xi Val ues which isthe appropriate view for tabulating numerical values of solutions.

»> (0
After this extensive preparation, now click on the Go button on the button bar of the Main
Application window to see the results. The last line is the computed value of x4 at time 1, that is,
2.7182818285E+000. Notice that this output isin scientific notation, which is the output format
used in Phaser. Also, it isinteresting to observe that the last digit has been rounded up by the
compiler.
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Lesson 2. Xi vs. Time

In thislesson, we will learn how to customizethe Xi vs. Ti ne view, whileinvestigating the dynamics of
asingle population modeled with the logistic differential equation

X=X - X2

Here x(t) represents the population density as a function of time. The qualitative dynamics of this differential
equation are rather simple. The equation has two equilibrium states: x(t) = 0.0 and x(t) = 1.0. The first
equilibrium is not of much ecological interest asit corresponds to zero population density. The second
equilibrium, however, is of paramount importance because the solution from any positive initial condition
approaches 1.0 as time increases. This positive limiting equilibrium density is the carrying capacity of the
population. We shall see now the approach to the carrying capacity as time goes on.

»>Equation -> ODE Library -> Cubic 1-D ODE:
To get our differential equation, click on the Equat i on menu on the menu bar and select the ODE
Li brary. Fromthelist of ODEs, select Cubi ¢ 1- D ODE.

»>Equation -> View Current Equation Text:
From the Equat i on menu, select Vi ew Current Equation Text. A small window
containing the text of Cubi ¢ 1- D ODE should pop. In the text

Xq=a+bxg+cxg2+dxg3
a, b, ¢, and d are changeable parameters and x4 isthe variable. We will next adjust the parameter
values to set our logistic differential equation.

»> Numeri cs:
In preparation for setting the desired parameter values, click on the Nuner i ¢s button on the button
bar of the Main Application Window. This displays the Numerics co-primary window.

»> Par anet er s:
Click onthe Par arret er s button on the button bar of the Numerics Editor. The four parameters
and their current default values are now visible. Weneedtoseta=0,b=1,c=-1,andd=0to
obtain our logistic differential equation from Cubi ¢ 1- D ODE. Now, click inthetext field
containing the value of b and changeit to 1.0. Next, click in the text field containing the value of ¢
and changeit to -1.0. Noticethe ( nodi fi ed) token on the banner and the Status Field of the
Numerics Editor.

»> Appl y:
Click onthe Appl y button on the lower right corner of the Numerics Editor for these new
parameter values to take effect. Notice that the ( nodi fi ed) token on the banner of the Numerics
Editor has disappeared.
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»>|nitial Conditions:
Clickthel ni ti al Condi ti ons button on the button bar of the Numerics Editor. Notice that
thereisone set of initial conditions activated with the default valuest = 0. 0andx1 = 1. 0.
These values happen to be the equilibrium state corresponding to the carrying capacity. Let us add
two moreinitial conditions.

»>Set 2andSet 3:
To activate the second set of Initial Conditions, click on the left-most button next to Set 2. This
should highlight the first two text fields, the first of which isthe initial time and the second of which
istheinitial x1 value. Changethevaueof x1t00.1. InSet 3 set x1to 1.5. Apply.

»> Phaser :
Click onthe Phaser action button to return to the Main Application Window.

»>View -> Xi vs Tine:
Return to the Main Application Window by clicking on itstitle bar. From the Vi ew menu of select
Xi vs Tinme. NowthecurrentviewissettoXi vs Ti me. Vertical Axiswill house the x1
variable and the horizontal axiswill house time.

»> (0
Now press Go and watch the three solutions being plotted simultaneously.

This picture is adequate, but we can do better. Let us now return to the Numerics Editor and fine tune the Xi
vs Ti me view.

»> Current View -> Wndow Si ze:
Click ontheCurrent Vi ewbutton and from the control tree choose W ndow Si ze. Set X-Min
=-1, X-Max =5, Y-Min =-1, and Y-Max = 2. Apply. Notice that the Xi vs Time view is cleared
and Axes and Grids are redrawn.

»> Axes and Gids:
From the control tree choose Axes and G i ds, then set the last two text fields, X- and Y-
Gid Gap Val ues, t00.2. Apply. Grids are now redrawn with the new gap sizes.

»> G aphi cs:
Click onthe Gr aphi ¢s node on the control tree. Thefirst entry ontheright is G- aph Poi nt
Si ze which setsthe size of the points used in the plotting of the solutions. Click on the drop-down
widget (small bar to the left of entry) and from the list choose 3.

»>Direction Field:
From the control tree choose Di r ect i on Fi el d and press the left-most small square on the first
line. Apply. Now, along with the solutions, the Direction Field will be drawn at grid points when we
press Go.

»> Ti me;
Click the Ti me button on the button bar of the Numerics Editor. Set St art Pl ot t i ng to -6.0,
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andthe St op Pl ot ti ng timeto 6.0. The solutions will be computed backwards for 6 time units
and then computed forwards for another 6 time units. Apply.

»> (0
Return to the Main Application window and press Go to see the result. Messages from the current
numerical algorithm used to generate solutions appear in the Nuner i cs Consol e co-primary
window. Notice that the solution starting from Initial Condition Set 3, which blows up in backward
time, has been stopped by the Dormand-Prince 5(4) algorithm as it cannot meet the set error
tolerances.

»> Fi nal e:
PressCl ear. Click the mouse in about a dozen different locations inside the Xi vs Time view and

press Go.
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Lesson 3. Stair-Step Diagrams

Orbits of one-dimensional difference equations can be best followed using a geometric method known as
Stair-Step, or cobweb, diagram. In this lesson, we will learn how to use this method while exploring the
dynamics of decidedly the most famous one-dimensional difference equation, the Logi sti c MAP

x1 — axry (1.0 — 2q)

Stair-step diagrams: Here is how a stair-step diagram of a solution of a difference equation x4 -> f (X;) is

computed. Wefirst draw the 45-degree line through the origin and the graph of f. Then, for aninitial value of
X, on the horizontal axis, we find next x; by drawing the vertical line segment from theinitial point until it

meets the graph of f. Now, to transfer the vertical coordinate of this point of intersection to the horizontal
axis, we draw the horizontal line segment from the point of intersection to the 45-degree line. Now, from the
45-degree line we draw the vertical line segment to the horizontal axis. Now that we are back on the
horizontal axis, we repeat the previous step over again to find the next point in the orbit, and so on.

Ranges. The relevant dynamics of Logistic MAP take place for the values of the parameter a between 0.0
and 4.0, and the x, variable between 0.0 and 1.0. The choice of the initial condition on the unit interval is not

important since almost all orbits eventually behave about the same. The value of the parameter a, however, is
crucia for the asymptotic dynamics, as we will see momentarily.

»> Equation -> MAP Library -> Logistic MAP:
From the Equation menu, select MAP Library and then pick Logi sti ¢ MAP. Now the current
equation is Logistic MAP as seen on the banner.

»>View -> 1-D Stair Stepper:
Fromthe Vi ewmenu, select 1- D Stair St epper tomakethisview the current view. Again,
note the current equation and the current view names on the banner.

»>Nunmeri cs:
Click on the Numerics button on the button bar to open the Numerics Editor.

»> W ndow Si ze:
Notice that the Numerics Editor automatically displays the tree of the Current View. From the tree,
select W ndow Si ze. By clicking on the text fields, set X- M n =-0.1, X-Max =1.1,Y-M n =-
0.1, and Y- Max = 1.1. Apply.

»> Par anet er s:
Click on the Par anet er s button on the button bar of the Numerics Editor. Set the value of the
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parameter a= 2.8. Apply.

»> (0
Click on thetitle bar of the Main Application Window to bring the Current View to the foreground.
Press Go to see the Stair Step diagram drawn.

»>Current View -> Graphics -> Graph Plotting Repaint Interval Delay (ns):
To see how this picture really developed, let us recreate it in slow motion. For this purpose, return to
the Numerics Editor and click on the Cur r ent Vi ew button and choose Gr aphi ¢s from the
control tree. SettheGraph Pl otting Repaint Interval Delay (mns) to1000. Apply.
Phaser will pause 1000 milliseconds between two plotted points. Depending on the speed of your
computer, you might want to adjust the delay time.

»>(Cl ear and Co:
Return to the Main Application Window and hit Ol ear and Go. The graph of the logistic function
should appear immediately, but the successive points on the computed orbit should appear at a
speed that allows you to follow the dynamics: The orbit convergesto a fixed point. Notice that the
fixed point is the intersection of the 45-degree line with the graph of the function.

»> G aph Plotting Repaint Interval Delay (ms):
SetGraph Plotting Repaint Interval Delay (ns) tol,tospeedthingsup again.
Apply.

»> Par aneters:
Set a=3.4. Apply.

»> Cl ear and Co:
The orbit no longer approaches the fixed point. Where doesiit go?

»> Ti me:
Return to the Numerics Editor and click on the Ti e button. To discard the transient (early) part of
theorbit,setStart Pl otti ngto333and St op Pl otti ng 3333. Apply.

»>(Cl ear and Co:
The orbit approaches a periodic orbit of period 2. This qualitative dynamical change where afixed
point gives up its stahility to a periodic orbit of period 2 is called a period-doubling bifurcation.

»> Par aneters:
Set a=3.55. Apply.

»> Cl ear and Go:
Y ou should now see a periodic orbit of period 4. Thisis another period-doubling bifurcation.

»> Par anet er s:
Seta=4.0. Apply.



»> (| ear and Go:
Y ou should now see the orbit nearly fill the view - Chaos.
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Lesson 4. Bifurcation Diagram of Logistic MAP

In thislesson, we will show how to compute the bifurcation diagram of the Logistic MAP

xy — axy (1.0 — aq)

This diagram will depict one of the most famous routes to chaos through successive period-doubling
bifurcations as the parameter a is varied.

Bifurcation diagram: Hereis how a bifurcation diagram is computed. One of the parametersin the
definition of the current equation is assigned to the X-Axis, and one of the variables x; isassigned to the Y -

AXxis. Then the parameter range, determined by X-Min to X-Max, is divided into a number of specified
subdivisions. For each parameter value in this subdivision, the orbits are computed and plotted using the
current settings of Initial Conditions, Time, and Algorithm.

»>Equation -> MAP Library -> Logistic MAP;
From the Equation menu, select MAP Library and then pick Logi sti c MAP.

»>View -> Bifurcation D agram
From the Vi ewmenu, select Bi f ur cati on Di agr amto make thisview the current view.
Notice the current equation and the current view names on the banner.

»> Numeri cs:
Click on the Numerics button on the button bar to open the Numerics Editor. Notice that the
Numerics Editor automatically displays the tree of the Current View.

»>Bi furcation D agram
Theroot of the control tree of the Current View isaso called Bi f ur cati on Di agram Let us
examine the contents of the root. Notice that the parameter a is assigned to the X-axis and the
variable x1 is assigned to the Y-axis. Since there is only one parameter and the equation is one
dimensional, there are no choicesto be made. Par anet er Sanpl e Si ze isset to 250; thus,
there will be 250 parameter subdivisions in the computation of the bifurcation diagram.

»>W ndow Si ze:
From thetree, select W ndow Si ze. By clicking on the text fields, set X- M n =-0.1, X- Max =
4.1,Y-M n =-0.1, and Y- Max = 1.1. Apply. Thus, 250 equally spaced values of the parameter aiin
the range from -0.1 to 4.1 will be used.

»>|nitial Conditions:
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Click on the Initial Conditions button. Thereis only one active set which is 0.2 at time 0.0. Thisis
fine, since amost any initial condition between 0.0 and 1.0 gives the same bifurcation diagram.

»> Ti ne:
Clickon Ti me onthebuttonbar andset Start Plottingto999andStop Pl ottingto
2222. Apply. With these numbers, we discard the first 999 iterates and record the limiting behavior
of solutions. Why these numbers? Well, they are easy to type with one finger.

»> (0
Now, click on thetitle bar of the Main Application Window to bring it to the foreground and press
Go. Bifurcation diagram should gradually come to life.

»> Par anmeter Sanpl e Size:
Let usincrease the resolution of the bifurcation diagram. Return to the Numerics Editor and click on
the Current Vi ewbutton. Then click on theroot of thetree, Bi f ur cati on Di agr am. Now
press the drop-down choice widget to the left of Par anet er Sanpl e Si ze and set it to 500.

Apply.

»>(Cl ear and Co:
A finer bifurcation diagram.

Period-doubling cascades: It isvisible in the bifurcation diagram that for the parameter values until 3.0, the
orbit is attracted to afixed point. The location of the fixed point changes as the parameter is varied. When the
parameter isincreased past 3.0, the fixed point gives up its stability to an asymptotically stable periodic orbit
of period 2. This bifurcation is known as a period-doubling bifurcation. As the parameter isincreased further,
the orbit undergoes successive period-doubling bifurcations and eventually becomes non-periodic.

Period three: Notice that there are also some dark gapsin the bifurcation diagram. For example, the largest
gap contains a periodic orbit of period 3. Let us now enlarge a portion of the bifurcation diagram to reveal
some of its fine structure.

»> | C
The choice button in the center of the Tool Bar is a mouse action selector. | Cindicates that the
current mouse function is for setting Initial Conditions. Click on the drop-down widget nextto | Cin
the middle of the Tool bar and select ZOOM

»> ZOOM

In the ZOOM mode, the mouse can be used to zoom into a selected region of the graphical view or
to zoom out by a chosen factor. The default setting is to zoom in and we shall leave it unchanged.
Notice that the cursor inside the view is changed. Now, position the cursor near X =3.75and Y =
1.0. Y ou can see the coordinates of the current cursor location in the left portion of the Tool Bar.
Click the left mouse button and release it. Next, move the cursor to thelocation X =3.9and Y =
0.09. Notice the rubber band marking the selected rectangle. Click the left mouse button again. The
enlargement of the selected region of the Bifurcation Diagram should be underway automatically.
Notice the period-three orbit in the middle.
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»> Z0OOM
The period-three orbit appears to undergo a sequence of period-doubling bifurcations aswell. To
see this phenomenon more clearly, let us zoom into the middle portion of the bifurcation diagram.
Now, position the cursor near X = 3.838 and Y = 0.58; click the left mouse button and release it.
Next, move the cursor to the location X = 3.857 and Y = 0.39; click the left mouse button again. The
enlargement of the selected region of the Bifurcation Diagram should be underway automatically. It
is remarkabl e that this bifurcation diagram looks much like the first one we plotted.
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Lesson 5. Phaser Projects

During simulations, current state of Phaser (numerical and graphical settings of all things) can be saved to a
small user-specified file by simply using Save Current Proj ect buttonontheFi | e menu of the
Main Application Window. A previously saved Phaser Project file can be reloaded into Phaser using Load
Phaser Proj ect button on the same menu. This action restores the current state of Phaser to that of the
saved project.

A more important function provided in Phaser is the ability to load previously saved Phaser Project files over
thenet using Load Phaser Project URL buttonontheFi | e menu of the Main Application Window.
This action enables you to Fet ch the desired Phaser Project file using http protocol: http: / /< fil e

| ocation >.

In thislesson, we will load a Phaser Project file modeling reversals of earth's magnetic field from the Web
site of Phaser. We assume that you are connected to the internet.

»>File -> Load Phaser Project URL:
From thethe Fi | e menu of the Main Application Window, choose Load Phaser Proj ect
URL. A dialog box should pop.

»>http://ww. phaser.coni projects/rikitake3. ppf
Click in the text field of the dialog box and type the URL address above. We have deposited this
project fileri ki t ake3. ppf at thislocation.

»> Fet ch:
Now hit the Fet ch button. The dialog box should disappear and the project should load. As soon as
the loading is finished, two orbits of athree-dimensional ODE named Ri ki t ake Di sc
Dynanos ODE should begin to appear.

»>Equation -> View Current Equation:
To seethetext of the equations, select Vi ew Current Equati on entry fromthe Equati on
menu of the Main Application Window. These equations describe the motion of two coupled disc
dynamos. The variables x, and x, are (scaled) currents of the two dynamos. The parameter misa

function of the self-inductance, resistance, mutual inductance, and the driving torque of the
dynamos, and the parameter a is the (scaled) difference of the angular velocities of the dynamos.

»>File -> Qpen Phaser Project Notes :
A Phaser Project File (.ppf) comes with atext file containing notes about the current project. To
view the Notes for the current project, from the Fi | e menu, select Open Phaser Proj ect
Not es.

»> 3- D
Notice that the mouse isin 3-D mode as indicated on the tool bar. While pressing down the left
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mouse button, you can move the mouse around to rotate the three-dimensional orbits to get more
informative pictures.

»>View -> Xi vs Tine:
From the View menu of the Main Application Window, select Xi vs Ti ne. Press Go to see the
X1 vs Time plots of the two solutions. Thisis arevealing picture. Since X ; is the current through the

first dynamo, a changein sign of x4 correspondsto areversal of the current and hence areversal in
the polarity of the magnetic field. Notice the non-periodic - chaotic - reversals of sign of x .

»>Equation -> |l nport Custom Equati on:
If you are interested in exploring Ri ki t ake Di sc Dynanos ODE further at alater time, you
can import the equations into your private Custom library. Simply, choose the entry | npor t
Cust om Equat i on from the Equation menu. (If the equation is already in the Custom Library,
the menu entry will be grayed out.)

»>File -> Save Current Project As...:
Y ou can also save the current imported project locally on your computer by selecting Save
Current Project As... fromtheFilemenu of the Main Application Window. Now that the
imported project is safely saved, you can change the settings to explore the dynamics. For example,
set the parameter m = 0. 5 to see periodic oscillations of the currents. Now, you can return to the
Phase Portrait view, and Clear and Go, to see the three-dimensional picture of the periodic
oscillations.

Further mathematical details on the Rikitake two-disk dynamo system can be found in Cook and Roberts
[1970] and Robbins [1977]. Information about dynamos and earth's magnetism is availableat ht t p: / /
wwm- spof . gsf c. nasa. gov/ eart hnag/ dynanos. ht m
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Lesson 6. The Gallery

In thislesson, we will investigate certain bifurcations in the dynamics of the area-preserving Cr enona MAP

T — o1 cosa — (xa — x7)sina

2

Ty — Ty 8ina + (x2 — x7) cos a

by plotting phase portraits as we vary a parameter. We will organize these phase portraitsinto agallery of
iconic images and manipulate them.

»>Equation -> MAP Library -> Crenpna MNAP:
From Equat i on menu, select MAP Li br ary. Fromthelist, select Cr enrobna NAP.

»>Equation -> Load Equation Defaul ts:
Again from Equat i on menu, select Load Equati on Def aul ts. Now all settingswill be
loaded from a system file which contains values yielding an informative picture. In particular, the
equation parameter issettoa = 1. 32843. You should now see a phase portrait of Cremona
MAP consisting of about adozen initial conditions iterated 1500 times.

»>View -> Send Viewto Gallery:
From Vi ew menu of the Main Application window, select Send View to Gall ery. The
contents and the associated settings that are necessary to recreate this phase portrait will be sent to
the Gallery.

»>Phaser -> Gl lery:
To see where the phase portrait is deposited, select Gal | er y from Phaser menu of the Main
Application window. The co-primary window Gallery should pop. Gallery currently consists of four
frames and the phase portrait is deposited in the first frame.

»> Par amet er :
From Numerics Editor, set the parameter valuetoa = 1. 56. Apply, return to Main Application
window, and Clear and Go. Now, you should see the phase portrait of Cremona MAP for the new
value of the parameter.

»>View -> Send Viewto Gllery:
To deposit the new phase portrait into Gallery, select Send View to Gal | ery. Notice now
that the new phase portrait is deposited in the next available frame.
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»>Two nore franes:
Next, set the parametertoa = 1. 92. Apply, Clear and Go, and Send View to Gallery. Repeat
witha = 2. 0. All four phase portraits should now be deposited in Gallery.

»>Send to a Sel ected Frane:
Let us now change the contents of a selected frame. First, select the second frame (1, 2), making
sure that its boundary is red. Return to Numerics Editor and change the parameter valuetoa =
1. 61. Apply and Clear and Go. Thenclick onSend View to Gal | ery. Now, the contents of
the Phase Portrait view will be resent to the second frame. Unselect the second frame by clicking in
it.

»> Ani mat e:
Now, click on the Ani mat e button on the button bar of Gallery. The frames should be played
sequentially in the Main Application window.

»>File -> Open Gallery Project Notes:
From the Fi | e menu of the Gallery co-primary window, select Open Gal | ery Proj ect
Not es. In the spawned small window, you can type in a description of the Gallery you have just
created. When the current Gallery is saved, these notes are saved aong with the images.

»>File -> Save Current @Gl lery:
Finally, you can save the current Gallery in afileusing Save Current Gal | ery entry onthe
Fi | e menu of the Gallery co-primary window.
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Lesson 7. Custom Library: Entering new equations

Phaser provides an easy-to-use Equat i on Edi t or with agraphical interface for adding new equations to
the library. Once entered successfully, a new eguation is deposited into the Custom Equation Library of
PHASER and isindistinguishable, as far as the user is concerned, from the Permanent Library equations.
Previously added user-defined equations can also easily be modified or deleted.

Phaser is designed for first-order ordinary differential (ODE) or difference (MAP) equations. A higher-order
eguation should first be converted to a system of first-order equations.

In thislesson, we will use the pendulum equations to illustrate the process of entering a new equation into
PHASER:

x1'=x2
x2'=-(g/1)sin(x1) - (c/ (I m)) x2

where g, |, ¢, and m are parameters.

»> Equation -> Add Custom Equati on:
From the Equat i on menu on the menu bar of the Main Application window, choose Add
Cust om Equat i on. The new window that popsisthe Equat i on Edi t or co-primary
window for adding a new equation. In the remainder of thistutorial, we will populate the requisite
fieldsinthe EQuati on Edit or.

»> Equat i on Namne:
Each new equation must be named. Let us call our new equation My Pendul um ODE. Click on
the text field and type this name. By convention, we recommend the usage of the suffix ODE to tag
an ordinary differential equation, and MAP to tag a difference equation.

»>Equati on Description (optional):
Thisfield holds an optional descriptive sentence of the equation and is not used by Phaser. Click on
the text field and type, for example, Practi ci ng how to enter a new equati on.

»>Equation Type:
Library equations are sorted into two types: ODE and MAP. Since My Pendul um ODE is ODE,
we need not change the type. If you were entering a difference equation, from the drop-down
widget, you would choose MAP.

»>Default Al gorithm
Each equation is provided with a default algorithm. The current default algorithm for ODE typeis
Dor mand- Pri nce 5(4), whichisfinefor our equation. The drop-down widget contains other
ODE agorithms.
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»> Par amet er Namne:
Our equation has four parameters: g, |, ¢, and m We need to tell Equation Editor about these
parameters and their default values. Any single lower- or upper-case letter, except t , X, and E,
which are reserved for time, space, and the famous constant, can be used as a parameter. Click on
the text field and type g.

»> Par amet er Val ue:
Click onthetext field and enter 1. 0. Thisisthe default value of the parameter g.

»> Add Par aneter:
Click on this button to add the parameter g and its default value. Now the Par armret er Li st field
shouldshowg = 1.0.

»> Repeat three steps:
Now repeat the previous three steps with the remaining three parameters until Parameter List shows
g=10I =1.0,c =0.0, m=1.0.

»>Par anmet er Editing:
To change the name or the default value of a parameter, click onitin Par anet er Li st and
change things as desired; re-add parameter. To remove a parameter from Parameter List, highlight
the desired parameter by clicking on it and then push the Renove Par amnet er button.

»>x1' =
Click on the text field and type x2. Thisisthe right-hand side of the first equation.

»>x1l =
Thisisthe default initial value of the variable x1. Click on the text field and type 1. 5. Theinitial
displacement is 1.5.

»>x2' =
To activate thisfield, first click on the button to the left of x2' =. This should highlight the text field
for x2'. Now, click onthetext fieldandtype-(g / |) * sin( x1 ) - (¢ / (I *
m ) * x2.

»> X2 =
Thisisthe default initial value of the variable x2. We can leave it alone - zero initial velocity.

»> Add:
Finaly, click on the Add button to add your new equation to the Custom Library of Phaser. At this
point, Phaser attempts to parse the expressions for x1' and x2'. Barring some typographical errors,
Equation Editor should report in Status Field that expressions are parsed and the new equation is
added. If it failsto parse, correct the offending errors and Add again.

»>(Cl ose:

Now, you can safely Cl ose Equation Editor from the File menu of the Editor.
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»>Viewi ng Current Equation:
From the Equat i on menu of the Main Application window select Cust om Equat i on
Li brary. ClickonMy Pendul um ODE to make it the current equation. Finally, from the
Equat i on menu, select Vi ew Current Equati on. A small window containing the text of
My Pendul um ODE should pop. Examine the text carefully before embarking on computations.
Y ou can correct any typographical errorsusing the Modi fy Cust om Equat i on entry of the
Equat i on menu.

Par ser Syntax: x1, X2, ..., X24 are specia tokens and must be written exactly and without spaces. For
detailed specifications on the operators, operands, and functions supported by the parser, you can consult
Phaser: Equati on Editor inthe Table of Contents of Phaser Help. For your convenience, this page
can be directly accessed by choosing Hel p Cont ent s from the Help menu of Equation Editor.

Speed: A user-entered equation runs approximately at half the speed of its compiled counterpart. If you like,
now you can check out the speed and the accuracy of Phaser's parser/evaluator by running a computation
with the compiled equation Pendul um ODE and its parsed counterpart My Pendul um CODE.
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Lesson 8. Flow box

In this lesson we will investigate the dynamics of Cr emrbna MAP

T — o1 cosa — (xa — x7)sina
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by following the fates of 10,000 solutions starting from randomly chosen initial conditions in a selected box.

Cremona MAP is atwo-dimensional area-preserving map. Near fixed or periodic points of an area-preserving
map, two distinct dynamical behaviors prevail:

. dliptic: Near an dliptic point, solutions usually rotate along closed invariant curves. A box about
an elliptic point rotates, abeit distorted, as it moves under the iterations of the map.

. hyperbolic: Near hyperbolic points, some solutions move towards the point while others move
away. Consequently, abox about a hyperbolic point is stretched along one direction while being
contracted along another. Since the area of the box must be preserved, the box can undergo
remarkabl e topological changes under the iterations of the map.

In thislesson, we will explore these two types of dynamica behavior in Cr enrona MAP.

»>Equation -> MAP Library -> Crenpna MAP:
From the Equat i on menu on the menu bar, select MAP Li br ary. From thelist of MAPs, select
Crenona MAP. Thisisan are-preserving map on the plane.

»>Equation -> Load Equation Defaults:
From the Equat i on menu on the menu bar, select Load Equati on Def aul t s. You should
see phase portrait of Cremona MAP.

»> Nuneri cs:
Click onthe Nurer i ¢s button on the button bar to open the Numerics Editor.

»> G aph Plotting Repaint Interval:
From the drop-down choice widget next to Graph Pl otting Repaint Interval, choose
1. Apply. Now, the graphical view will be updated after each iteration.
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»> & aph Repaint Interval Delay (ns):
To see the evolution of the pictures we are about to plot, it is necessary to introduce atime delay
into plotting. Depending on the speed of your computer, you should adjust this setting (an integer)
to get the desired effect. For example, set G aph Repai nt I nterval Delay (ns) to500.

Apply.

»>Stop Plotting:
Select the Ti me button on the button bar of the Numerics Editor, and set St op Pl ot ti ng to 100.

»> Phaser :
Click on the action button Phaser to return to the Main Application window.

»> Fl ow:
From the drop-down choice widget next to IC on the tool bar of the Main Application window,
select FLOW. Now the mouse function will be to select a flow box.

»>Nurber of randominitial conditions:
From the drop-down choice widget next to Nunber of randominitial val ue points
in the flow box seect 10,000. (For aslow CPU, this number should be smaller.)

»>F|l ow box coordinates (elliptic):
Move the cursor to coordinates about (-0.15, 0.15) and click and release left mouse button. Move
the cursor to about (0.15, -0.15) and click and release left mouse button. Now, from 10,000
randomly chosen initial conditionsin this square, solutions will be computed and displayed at each
iteration. Y ou should see the image of ared square under iterations. Since this squareisin the
region near the origin dominated by elliptic dynamics, the square should rotate under the iterations
in asomewhat distorted manner.

»>(Cl ear:
While the pictureis evolving, occasionally press Cl ear button on the button bar of the Main
Application window. Y ou should see the current state of the original square. (You can St op the
computations any time.)

»>New fl ow box coordi nates (hyperbolic):
Move the cursor to coordinates about (-0.42, 0.42) and click and release |eft mouse button. Move
the cursor to about (-0.30, 0.30) and click and release |eft mouse button. Now, from 10,000
randomly chosen initial conditionsin this box, solutions will be computed and displayed after each
iteration. Y ou should see the image of ared box under iterations.

Since thisbox is in the region dominated by hyperbolic dynamics of a period-5 point, the box
should rotate under the iterations and visit the vicinity of five periodic points. After afew iterations,
the original box should start spreading into a complicated geometry. Indeed, the dynamics near this
hyperbolic periodic orbit of saddle typeis chaotic.

»>Cl ear:
While the picture is evolving, occasionally press Cl ear button on the button bar of the Main
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Application Window. Y ou should see the dramatic current state of the original square.

Suggestions for further explorations: Cremona MAP undergoes interesting bifurcations as the parameter a
isvaried. In the Lesson on Gallery, we explore the dynamics as the parameter a passes through 2pi/3
(approximately 2.0943951).

Another nice use of Flow isto explore the phase portrait of Pendulum ODE while changing the friction
coefficient fromc=0toc=0.5.
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Lesson 9. Cloning Current Phaser
Inthislesson, we will iteratethe Logi sti ¢ MAP

X ->4x(1- X)
andthelLogistic Il MAP

X -> 4X - 4x2

100 times using the Initial Condition x = 0.2. Notice that the these two maps are mathematically the same. To
the computer, however, they are rather different, as the numberswill reveal. For ease of comparison of
numbers, we will clone Phaser and carry out computations using two distinct copies of Phaser.

We first customize Phaser to compute the desired numbers with the Logi sti ¢ MAP.

»> Vi ew.
From the Vi ewmenu of the Main Application Window select Xi Val ues. Now the current view
issettoXi Val ues whichisthe appropriate view for tabulating numerical values of solutions.

»> Equat i on:
From the Equat i on menu on the menu bar, select MAP Li br ary. From thelist of MAPs, select
Logi stic MAP.

»>View nhg Current Equation:
From the Equat i on menu, select thelast entry Vi ew Current Equati on. A small window
containing the text of Logi sti ¢ MAP, x -> ax(1 - x) should pop.

»>Nunerics Editor:
Click on the title bar of the Numerics Editor to bring it to the foreground.

»> Par amet er s:
Click onthe Par anet er s button on the button bar of the Numerics Editor. Set a= 4.0 and Apply.

»>|nitial Conditions:
Clickonthel ni ti al Condi ti ons button on the button bar of the Numerics Editor. Notice that
thereis one set of initial conditions activated with the default valuest = 0.0 and x; = 0.2. These

values happen to be what we want; so we will not touch them.

»>Ti nme:
Click onthe Ti me button on the button bar of the Numerics Editor and set St op Pl otti ngto
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100, and Apply.

»> Current View
Click on Cur r ent Vi ewon the button bar of Numerics Editor and set # of Last Xi
Val ues to Vi ewto 100. Apply.

»>Phaser :
Click on Phaser action button to bring the Main Application Window to the foreground.

»> (0;
Now click on the Go button on the button bar of the Main Application Window to see the results.
Y ou can use the slider on the right to browse through the 100 iterates.

Now, we clone an additional copy of Phaser with the settings above. The cloneis labeled PHASER [1], and
we will use the label [1] to tag the actions in this copy.

»>Cl one Current Phaser:
From Fi | e menu of the Main Application Window, select O one Current Phaser.A new
copy of Phaser with al the current settings, such as Equation, Parameters, Current View, etc.,
should spawn. Notice that the Clone Phaser is tagged with PHASER [ 1] onitstitle bar. Click on
Nuner i cs onthe button bar of PHASER [ 1] tospawnNunerics Editor [1].

»> Equation [1]:
From the Equat i on menu of the Clone PHASER [1], select MAP Library and then Logi sti ¢
11 NMAP.

»>Nurerics [1]:
Click onthe Nurer i c¢s button of PHASER [1] to bring the Numerics Editor of the clone.

»>Paraneters [1]:
Click onthe Par arret er s button on the button bar of the Numerics Editor [1]. Notice that a= 4.0.

»>|nitial Conditions [1]:
Clickonthel nitial Conditi ons button on the button bar of the Numerics Editor [1]. Notice
that there is one set of initial conditions activated with the default valuest = 0.0 and x; = 0.2.

»> G [1]:
Click on the Go button on the button bar of PHASER [1] to see the 100 iterates of the initia
condition X, = 0.2 under the Logi stic |11 MAP.

Now, using the sliders of the Xi-Values views of the two Phasers, examine the numbers and try to determine
when they begin to diverge. Do you prefer one set of numbers over the other?
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Lesson 10. Real-time 3-D Graphics

When the current equation is of dimension three or higher, the Phase Portrait view is configured for 3-D
Graphics functionality. Some of the key pointsto note are:

. If the current equation is of dimension four or greater, you can select any three-dimensional
orthogonal projection to view.

. Remember that the computed points will be saved in memory, so be aware of number of points
generated by looking at Time and Step Size.

. If your computer has a low CPU or small memory, you can disable interactive 3-D rotations by
unchecking Real - Ti me Rot ati on & Ani nati on from Real - Ti nme on the control tree of
the Phase Portrait view.

. Notice that the mouse function is set to 3-D and radio buttons are added to the Tool Bar.

. After hitting Go, you can grab the image in the view with the mouse by holding down the left mouse
button and spin the image around, or use the radio buttons for special rotations.

. You can stop rotations only from the radio button [] for stop on the Tool Bar.

In thislesson we will use the four-dimensional system of ODEs

T, = ars

:J':g - l!}iﬂ'.;l

T3

— .

i‘4 —f}iﬂg

stored in the library of Phaser under the name Har noni ¢ Osci | | at ors CDEtoillustrate several basic 3-
D graphical utilities of Phaser. A typical orbit of this system winds around a two-dimensional torusin four-
dimensional space. Three-dimensional orthographic projection (plotting the first three variables) of these
orbits wind around cylinders. Below, we will draw two such orbitsin 3-D and rotate themin real time.

»>Equation -> ODE Library -> Harnmonic Oscill ators ODE:
From Equat i on menu, select ODE Li br ary and then click on Har moni ¢ Gscil |l ators
ODE.

»> Numeri cs:
PressNuner i ¢s on the button bar to go to Numerics Editor.

»>Phase Portrait:
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Click onPhase Portrait attheroot of the control tree. Notice that currently the x1 variableis
assigned to the X-Axis, X2 variable to the Y-Axis, and x3 to the Z-Axis. These choices arefine. In
dimensions greater than three, Phaser provides the facility to project onto a three-dimensional
subspace from higher dimensions. Any three of the variables xi can be assigned to the X-, Y-, and Z-
axes for plotting.

»> W ndow Si ze:
From the tree, select W ndow Si ze. . Set X-Min=-3.5, X-Max = 3.5, Y-Min=-2.5, Y-Max =
2.5, and Z-Min = -3.0, Z-Max = 3.0. Apply.

»> Axes & Gids:
From thetree, select Axes & Gri ds. Uncheck the buttonsto the far left of Di spl ay Graph
XY- Axes and Di spl ay G aph XY-Gid. Apply. Now the axes and grids will not be
displayed on the Phase Portrait view.

»> Connect Points:
From thetree, select G aphi ¢cs. Check the small box to the left of Connect Poi nt's. Apply.
Now, two consecutive computed points on an orbit will be connected.

»>|nitial Conditions:
ClickonInitial Conditions. Thefirstset of initial conditionsisfine. To add a second set,
click on the left-most square next to Set 2 and enter the values x1 = 0.5, x2 = 1.5, x3=0.5, x4 =
1.5. Apply.

»>Ti nme:
Click onthe Ti me button and set St op Pl ot ti ng to 70.0. Apply.

»>Plotting Step Size:
Click onthe Al gor i t hns button and notice that the current algorithm is Dormand-Prince 5(4).
SetPlotting Step Sizeto0.05. Apply.

»> (0;
Now, return to the Main Application window and press Go. Y ou should see two orbits being
plotted.

Using the current Step Size of 0.05, we have computed the solutions for 70 time units. Therefore, we have
generated 1400 points per solution. Since Real Ti me Rot ati on & Ani mati on ischecked by default,
these 2800 points have been saved. Now, we are ready to twirl them around.

»> 3- D
Note that the mouse is set to be used for interactive rotations as indicated by 3- Din the center of the
tool bar. Now, while the cursor isin the Phase Portrait view, the mouse will be used for rotating the
contents of this view. Natice that the shape of the cursor is changed as areminder of this new
assignment. To rotate orbits, move the cursor into the view and grab the orbits by pressing and
holding the left mouse button. While the mouse button is pressed, move the cursor around in the
view to rotate the orbitsin the desired direction.
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»>Radi o Button >:
Now, hit the Radio Button > on the tool bar. The image should rotate continuously by itself at the
speed of the last mouse drag. Watch the show.

»>Radi o Button []:
Hit the Radio Button [] on the tool bar. The image should stop rotating.

»>Radi 0 Button X
Hit the Radio Button x on thetool bar. Thisisto request Phaser to rotate the image, from its last
stopped position, about the X-Axis.

»>Radi 0 Button >:
Hit the Radio Button > to start rotating the image about the X-Axis.

»>Radi o Button []:
Hit the Radio Button [] on the tool bar. The image should stop rotating.

We will continue manipulating these orbits in the next lesson. If you would like to interrupt this lesson now,
you can save the current state of Phaser as follows:

»>File -> Save Current Project:
From Fi | e menu of the Main Application window, select Save Current Project. Inthe
pop-up dialog box, type afile name (tutorial 10.ppf) and hit Save.
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Lesson 11. Poincare Map in 3-D

Thislesson is a continuation of the previous one. Here, we will slice the two orbits on cylinders with a
specified plane and compute the points of intersections with the plane.

The points of intersections of orbits of an ODE in three dimensions with a specified plane can be viewed as
orbits of amap on the plane. This reduction of the dynamics of athree-dimensional ODE to atwo-
dimensional MAP, called the Poincare map, is an important technique for investigating the dynamics of an
ODE in three dimensions.

If you have interrupted your lessons, you can first Load the Phaser project that you have saved at the end of
the previous lesson as follows:

»>File -> Open Phaser Project:
From Fi | e menu of the Main Application window, select Open Phaser Proj ect. Inthe pop-
up dialog box, click on the saved file name (tutorial 10.ppf) and hit Qpen.

»> Poi ncar e:
Return to Numerics Editor and select Current View button. From the control tree of the Phase
Portrait view, select Poi ncar e.

»>Display Orbit Cut-Plane and/or Poi ncare Map:
Click on the small square to the left of thisitem. NoticeOr bi t Cut - Pl ane Equation 1.0
X + 0.0y + 0.0z + 0.0 = 0.0. Theportion of an orbit on the positive side of this plane
will be plotted in the color of its Initial Condition, while the portion on the negative side of the plane
will be plotted in a darker shade of the same color. Cut-Plane Equation isin the unrotated coordinate

system. Apply.

»>(Cl ear and Co:
Two orbits in shades of blue and yellow should be visible.

»>Di spl ay Poi ncare Map:
Return to Numerics Editor and click on the small square to the left of thisitem. Now, in addition to
the orbits, the points of intersections of the orbits with the specified plane will be plotted. Large red
dotswill mark the points when the orbits pierce the plane as they cross the plane from the negative
to the positive side, and large yellow dots will mark the crossings from the positive to the negative
side. The colors and the sizes of intersection points can be customized, as desired. Apply.

»>(Cl ear and Co:
The two orbits and their points of intersections with the plane should be visible. Notice that the
points are lined up along four lines.

»> Pl ot Poincare Map Crossing Direction(s):
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From the mathematical viewpoint, it may be necessary to plot the intersection points as orbits cross
the plane in one direction only. To accomplish such atask, click on the drop-down choice widget
and select Posi ti ve. Now only the intersection points as the orbits cross the plane from the
negative side to the positive will be plotted. Apply.

»>(Cl ear and Co:
The two orbits and their positive crossings, the red dots, should be visible. Notice that the crossings
arelined up along two lines.

»>rbit Cut-Plane Equation:
Modify the text fields for the coefficients of Cut-Plane Equationto 0.0 x + 1.0 y + 0.0 z
+ 0.0 = 0. 0. Now, the orbitswill be cut and the Poincare map will be computed using this new

plane. Apply.

»>(Cl ear and Co:
The two orbits and their positive crossings with the new plane, the red dots, should be visible.
Notice that the crossings are lined up along two circles.

»>|nitial Conditions:
If only the intersection points, Poincare map, is desired, we can set the colors of Initial Conditions to
the background color. Set the colors of the Initial Conditionsto black. Apply.

»>(Cl ear and Co:
Now, only the positive crossing points along two circles should be visible.
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Lesson 12. Poincare Map of Forced Duffing ODE

In this lesson we will compute the Poincaré, or the period, map of the periodically forced Duffing's oscillator
given by the equations

ﬂ.:] =:L'-3

@2 = axy — bxy — xy + ¢ cos(2mdt)

Periodically forced oscillators occupy a prominent place in applied dynamical dynamical systems. The
technique we will employ in thislesson is applicable to other forced equations such as For ced
Vander pol ODEandForced Bri dge CDE.

The solutions of a periodically forced equation are invariant under trandations in time by the period of the
forcing term. Thus the qualitative dynamics of solutions can be studied by plotting the values of the solutions
once every period. The resulting planar map is called the Poincaré or the period, map. If the Poincaré map of
a solution approaches a fixed point, then the solution must be periodic with the same period as the period of
the forcing term. If, however, the Poincaré map wanders in a bounded region without ever repeating itself
then the solution must be non-periodic, or chaotic.

To compute the Poincaré map numerically, we take a step size an integer multiple of which isthe period (in
this example, the period of the forcing term is 1/d). Then simply plot the solution only at the integer multiples
of the period.

»>Equation -> ODE Library -> Forced Duffing CDE:
From the Equation menu, select ODE Library and then pick For ced Duf fi ng ODE.

»>Equation -> View Current Equation:
From the Equation Menu select the entry Vi ew Curr ent Equati on to seethetext of the
Forced Duffing ODE.

»> Vi ew
The current view should be the Phase Portrait view.

»> Par anet er s:
Click on the Par anet er s button on the button bar of the Numerics Editor. Set the value of the
parametersa=1.0,b=0.3and c=0.3,d =0.2. Apply.
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»>|nitial Conditions:
Clickonthel ni ti al Condi ti ons button on the button bar of the Numerics Editor. Notice that
Set1ist=0.0,x1=1.2and x2=1.7, which isfine. To activate Set 2 click on the small button to
theleft of Set2and sett = 0.0, x1 =-1.2and x2 =1.7. Apply.

»>W ndow Si ze:
Click onthe Cur r ent Vi ewbutton. From the tree of the Current View, which is Phase Portrait,
select W ndow Si ze. By clicking on thetext fields, set X- M n =-2.0, X- Max =2.0,Y-M n =-
1.5, and Y- Max = 1.5. Apply.

»> Ti me:
Click onthe Ti me button. To discard the transient (early) part of the orbit, set Start Pl otti ng
to66and St op Pl otti ngto333. Apply.

»> (0;
Bring the Phase Portrait view to the foreground by clicking on the title bar of the Main Application
Window. Now hit Go to see two solutions, the first one in blue and the second in yellow. Notice that
both solutions are periodic.

»> Al gorithns:
Click onthe Al gor i t hmbutton on the button bar of Numerics Editor. Notice that the current
algorithm is Dormand-Prince 5(4). Thecurrent Pl ot ting Step Si zeissetto0.01. The
choices of the Algorithm isfine for the present calculations.

Now, we will prepare for the computation of the Poincaré map. Since the parameter d is set t0 0.2,
the period of the forcing term is 5.0. To get the Poincaré map, all weneedtodoisset Pl ot ti ng
Step Sizetob5. Apply.

»> (| ear and Go:
Bring the Phase Portrait view to the foreground and press Cl ear and Go. Notice that there are two
blue dots on the right and two yellow dots on the left. Thus, both solutions are periodic with period
twice the period of the forcing term.

»> G aphi cs:
To give these important dots a bit more prominence, return to the Numerics Editor and select
Current Vi ew. Fromthe control tree, select G aphi cs. Thefirst entry ontherightis
Graph Poi nt Size. Click onthe drop down widget and select 2. Apply.

»> Cl ear and Go:
Now, you should see the same pairs of dots plotted in larger point size.

Asthe parameters are varied, the dynamics of For ced Duf f i ng ODE can undergo remarkable changes.
Indeed, for certain parameter values the system exhibits visible chaos.

»> Par amet er s:
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Return to the Numerics Editor and change the value of the parameter b to 0.2. Apply. Note that the
period of the forcing remains unchanged so we can use the current setup to compute the Poincaré

map.

»> Ti me:
Click onthe Ti e button and set St op Pl ot ti ng to 4444. Apply.

»>(Cl ear and Co:
Now you should see many blue and yellow dots sprinkled around with no discernible pattern. This
set is an example of astrange attractor.

»>Plotting Step Size:
To seethe actual solutions, rather than the Poincaré map, click on Al gor i t hns button on the
Numerics Editor and set Pl ot ti ng Step Si ze to 0.02. Apply.

»> Cl ear and Go:
These are non-periodic (chaotic) solutions of Forced Duffing ODE. Y ou can hit St op if you have a
slow computer.
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Lesson 13. Sequencing Slides

In thislesson, we will learn how to create a sequence of slides. We will use Si er pi nski - Knopp
(1 FS) MAP to create nine slides picturing fractal curves with fractal dimesions ranging from 1 to 1.8 with
increments of 0.1

»>Equation -> MAP Library -> Sierpinski-Knopp (IFS) MAP:
From Equat i on menu, select MAP Li br ary. Fromthelist, select Si er pi nski - Knopp
(I'FS) MAP.

»>Equation -> Load Equation Defaul ts:
Again from Equat i on menu, select Load Equati on Def aul ts. (You canasosimply type
| asakeyboard shortcut to load equation defaults.) Now, values of all settings will be loaded from a
system file resulting in anice fractal curve.

»>Phaser -> Nunmerics -> Paraneters:
From Phaser menu of the Main Application window, select Nuneri cs -> Par anet er s to
bring up the panel of the Numerics Editor containing the parameter settings. Notice that the equation
parameterissettod = 1. 7097. Parameter d isthe dimension of the fractal curve.

»>d = 1.0 [ Xx] Sequence, using delta 0. 1:
Setd = 1.0, check the Sequence box, and type 0. 1 for the increment value delta. Apply.
Return to Phaser main application window.

»>Phaser -> @Gl lery:
From Phaser menu of the Main Application window, select Gal | er y. The co-primary window
Gallery should pop. Gallery currently consists of four empty frames.

»> Gallery -> Size -> 3x3:
From Gal | er y menu of the Gallery co-primary window, set the gallery size to 3x3. Now, you
should see 9 empty framesin the Gallery.

»> Sequence:
Click on the Sequence hutton on the Button Bar of the Gallery window. Now, each framein the
Gallery should be populated with fractal curves with increasing fractal dimension.

»> Sl i deshow.
Click onthe Sl i deshow button on the Button Bar of the Gallery window. Now, a new window for
playing slide shows should spawn. Click on the Pl ay button to see the dide show. Adjust the speed
asyou desire, or play it in aloop.

»>Save Current Gallery:
Y ou can savethe current Gallery in afileusing Save Current Gal |l ery entry ontheFile
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menu of the Gallery co-primary window.

»>Serialize Gllery Images to Di sk:
Slides can be saved to disk as a sequence of graphicsfilesusing Seri al i ze Gal |l ery
| mmges t o Di sk ontheFile menu of the Gallery window. Once saved, these images can be
further processed using, for example, QuickTime.
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